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ABSTRACT The distribution of distances between any pair of units in a flexible linear polymer is investigated 
by an off-lattice Monte Carlo method. Three different cases, according to the position of the pair components 
(end or inner units), are studied. The results depend upon the Lennard-Jones energy parameter, which 
determines the solvent regime. For the excluded-volume conditions, the results are in agreement with 
renormalization group predictions. The results in the 6 region show more subtle features, but they are close 
to the Gaussian ideal behavior. The equilibrium cyclization probability is also computed. 

Introduction 

Many important conformational properties of a flexible 
polymer chain can be characterized from the end-to-end 
distance distribution function, F(R).  In the absence of 
long-range intramolecular interactions, this function 
adopts a Gaussian form. If the model chain is composed 
of units that represent Gaussian subchains whose mean 
length is considerably larger than the polymer persistence 
length, a similar form also applies for the distribution of 
distances between any pair of units i and j .  Therefore, in 
three dimensions, we can consider the general form' 

F(Rij) = (3 /2~(R, ; ) )~ /~  exp(-3Ri;/2(Ri;)) (1) 

where (Rij2) is the quadratic mean distance between the 
units. However, F(R$ changes dramatically when one 
considers a chain with intramolecular interactions between 
nonneighboring units. Assuming a purely repulsive po- 
tential (which describes quite well the realistic case of an 
isolated polymer chain immersed in a good solvent, i.e., 
in excluded-volume conditions2v3), the Lagrangian theo- 
retical approach followed by des Cloizeaux4 arrives a t  a 
general scaling form in terms of universal exponents 

t = l/(l-v) (2) 
(where u is the scaling exponent of the mean-square end- 
to-end distance) and e k  (which is related to the critical 
exponents3 v and y, where y is related to the number of 
conformations). Both exponents are dependent upon the 
space dimension, d. This dependency varies according to 
the different possible positions of units i and j along the 
chain. The renormalization group second-order expansion 
in E = 4-d leads to the following results+ 

Case A: i and j are both end units 

eo = t/4+9E2/i2a (3a) 

Case B: i is an end and b is an inner unit close to the 

8, = t/2-3t2/64 (3b) 

center (or vice versa) 

Case C: i and j are inner units 

e2 = c-~5c2/32 (3c) 
Another approach by Oono and Ohta5gave the same results 
to first order in E .  For d = 3, an exact expression for 00 
exists? 00 = (y-l)/v. Also, better estimates of 01 and 82 can 
be obtained from the Bore1 integral corresponding to Pad6 
approximant representations based on the form of eqs 3b 
and 3c. All these theoretical predictions are contained in 
Table I. 

According to Redner! the small and large distance 
behaviors of F(Rij) can be represented by a single general 
function which, properly normalized, can be written as7 

F(R,) = C(R,?)""~(R,~/  (R~:))'"' e x p [ - ( ~ ~ ~ : / ( ~ ~ j 2 ) ) ~ ' ~ 1  
(4) 

where 

K = (r[(d+2+ek)/t]/r[(d+e,)/ t]j l /2 (5) 
(r is the Gamma function) and 

c = tK'Bk+d'/(( J,dQ) r[ (d+ek)/ t ]  1 (6) 

where dQ represents the angular part of drij (JndQ = 47 
for d = 3). 

Baumgiirtner8 investigated freely joined chains with a 
hard-sphere potential in three dimensions by means of a 
Monte Carlo simulation technique. The results confirmed 
the small R scaling behavior for the end-to-end distance, 
but numerical fittings of the exponents 01 and 02 to his 
results (included in Table I) were not in agreement with 
the theoretical predictions for 01 and 02 (eqs 3b and 3c). 

Recently, we have shown that eq 4 satisfactorily 
describes the behavior of the end-to-end distance in the 
excluded-volume regime, as determined from Monte Carlo 
and Brownian dynamics7 simulations of chains in three 
dimensions with Gaussianly distributed beads and long- 
range intramolecular interactions. 

In this work, we use the same model to perform a Monte 
Carlo simulation study of the distribution of distances for 
cases A-C described above. For the calculations involving 
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Table 1. 
previous exact 

theoreticalb Monte Carlo' enumeration 
eo 0.273 * 0.004 0.270 0.006 o . ~  
el 0.459 i 0.003 0.55 0.06 0.61 * 0.17: 

e2 0.71 * 0.05 0.9 0.1 0.67 0.348 
0.70 * 0.W 

Values of the exponents from theory and previous simulations. 
b Reference 4. Reference 8. Reference 14. e Reference 15. f Ref- 
erence 16.8 Reference 6. 

Distribution of Distances in a Polymer 4019 

Table 11. 
(Ri,2)/b2 for e / k ~ T  = 0.1 

inner units we consider li-jlSN/2, where N is the number 
of units in the chain. In case C, i and j are symmetrically 
located about the central unit. We use a long-range 
potential with attractive and repulsive parts that can 
describe both the excluded-volume and the 8 conditions. 
The latter situation corresponds to the compensation of 
both types of interactions which cancels binary interactions 
and yields a quasi-ideal behavior for many chain properties. 
Our aim was to make a detailed analysis of the results and 
to compare them with the theoretical predictions for F(Rij), 
i.e., with eqs 1 and 4, in the different cases. For the 
excluded-volume conditions, we examined the validity of 
the theoretical values of the exponents 81 and 82. For the 
8 regime, we discuss the statistical behavior in the different 
parts of the chain under conditions of global quasi-ideal 
behavior. The rate constants for a cyclization or ring 
formation within the chain, involving different pairs of 
units, have also been obtained. 

Methods 
Our chain model has been previously described in earlier 

~ o r k . ~ * 9 J ~  We consider N Gaussian beads of mean length 
b ( b  is adopted as the length unit through the calculations). 
Nonneighboring beads interact by means of the Lennard- 
Jones potential 

The relative energy in the well, e/kBT, is set so as to 
reproduce the different regimes. Thus, with the value a/b 
= 0.8 (fixed for all calculations), and e/kBT = 0.1, we have 
previously obtained results consistent7J0with the predicted 
scaling laws for excluded-volume chains's and also with 
other simulations performed with both lattice1' and off- 
lattice12 hard-sphere models. The choice dkBT = 0.3 
reproduces the linear dependence of the mean quadratic 
radius of gyration with chain length, a result characteristic 
of the quasi-ideal 8 conditionsg (for values of N smaller 
than 100). A value of t/kBT = 0.275 seems to be the 
appropriate 8 regime choice for longer chains.1° 

We have employed a Monte Carlo algorithm also 
described in previous work? It starts by building an initial 
chain conformation of moderate energy. New conforma- 
tions are then generated by selecting a bead and resampliig 
each of its components with respect to the preceding unit 
along the chain from the appropriate Gaussian distribu- 
tion. The rest of the chain, up to its closest end, is rotated 
and then connected with this new bead. A Metropolis 
energy criterion is used for the acceptance or rejection of 
conformations. This sampling method (a form of the pivot 
algorithm) is efficient for excluded-volume conditions. 
However, in order to probe the 8 region, we use a different 
method in which, once the chosen bead is placed in its new 
position, the rest of the chain is not rotated but simply 
translated. 

Eight runs are performed, each one starting with a 
different seed number and each attempting 50 000 con- 
formations (150000 X 8 conformations for the longest 

li-jl A B C 
12 18.70 19.57 21.67 
24 42.18 44.94 48.07 
36 68.40 72.63 77.77 
48 96.85 101.27 108.72 
60 124.79 131.62 138.98 
72 154.41 162.56 179.96 
V* 0.594 f 0.002 0.591 * 0.002 0.586 * 0.005 

a (R$)/b2 for the excluded-volume conditions and the three 
different cases explained in the text. In cases B and C involving 
inner units, the chain is N = 145. The asterisk indicates that this 
value is from a ln-ln linear fit, using eq 8. 
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Figure 1. In+ plots of (Rij) vs li-jl for N = 145 and cases A (A), 
B (0) and C (*). 

chains). Finally, the properties are averaged over all the 
conformations and independent runs. The distribution 
of distances is obtained by computing the histogram 
corresponding to a grid of values of R. F(R) is evaluated 
from this histogram through a normalization which takes 
into account the total number of conformations and the 
volume associated with the different grid intervals. We 
have also calculated mean-squared distances (Rij') and 
the cyclization probabilities F(Rij=O), which are directly 
related to ring formation rate constants.l3 These were 
evaluated by counting the number of conformations for 
which the distance between units i and j is smaller than 
a given value Ro (set equal to 2b). A normalization which 
includes the allowed cyclization spherical volume is also 
performed. 

Results and Discussion 

(a) Excluded Volume. Table I1 shows results for (Rip) 
corresponding to the three different cases according to 
the location of units i and j (cases A-C defined in the 
Introduction) and the choice of t/kBT corresponding to 
the excluded-volume conditions. Fits to the scaling law3 

as shown in Figure 1, lead to the values of v also included 
in Table 11. For t/kBT = 0.1, these numerical values are 
very close to the theoretical prediction for the critical 
exponent Y in three dimensions,2s3 Y = 0.588. Accordingly, 
our simulations with this particular choice of elk&!' can 
be assumed to correspond to the excluded-volume regime. 

We have compared our data with the des Cloizeaux 
function, i.e., eq 4 with the values of 8k indicated in the 
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Figure 2. Scaled end-bend distance distribution function 
F(Rij)(R$)8/2 vs Ry/(R$)llz for EV chains in case C with N = 
145 and different lz-jl values: (+) 12, (0) 24, (0) 36, (A) 48, (*) 
60, ( S r )  72. Solid line: results from the des Cloizeaux function 
(eq 4). 
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Figure 3. Scaled end-bend distance distribution function 
F(Rg)(R$)8/z vs Rij/(RZ)1I2 in cases A-C for EV chains with li-jl 
= 72 (N  = 145 for cases B and C). The curves are obtained from 
eq 4 with Oh according to eqs 3a and 3b (-) and according to 
BaumgWnd (- - -). 
second column of Table I (theoretical) and a common value 
for t, t = 2.43, consistent with eq 2 and the theoretical 
value of Y indicated above. Figure 2 shows the different 
results obtained forF(Rij) in case C for an excluded-volume 
chain with N = 145. It can be observed that there is an 
increasing agreement with the des Cloizeaux universal 
curve, Le., eq 4, as li-jl increases. Similar trends are found 
for the alternative cases A and B. 

In Figure 3, we show results for F(Rij) corresponding to 
cases A-C, obtained with li-jl= 72 (and N = 145 for cases 
B and C). The des Cloizeaux curves obtained for the three 
different cases, according to the renormalization group 
theory predictions for 80,81, and 82, shown in the second 
column of Table I, are also plotted for comparison. The 
quantitative agreement of our results with these curves 
can be considered as satisfactory. Using values of 81 and 
82 derived from the Baumgirtner simulations8 (contained 
in the third column of Table I), one obtains curves for 
F(Rij) which differ more significantly from our Monte Carlo 
data. Previous numerical data based on exact enumeration 
techniques in lattice models6J4-16 (shown in the fourth 
column of Table I) are also in poorer agreement with the 
theory. (In the previous comparisons6*8J4-16 of simulation 
data with eq 4, both exponents 8 k  and t needed to  be varied 
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Figure 4. ln-ln plot of F ( R C ) ( R > ) ~ / ~  vs Rg/(RZ)l lz  for the same 
chains of Figure 3 (*) case A, (A) case B, (+) case C, (-) small 
Rij regime for the des Cloizeaux function with the theoretical 
values of Ok exponents as indicated in the second column of Table 
I. Results for a chain with N = 313: (0) caw B, (0) case C. 
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Figure 5. ln-ln plot of F(Rij=O) vs li-jl for a chain with N = 145 
and cases A (*), B (A), and C (+). 

in order to obtain satisfactory fits to the scaling forms 
predicted for F(Rij) a t  small and large values of Rij.) 

In Figure 4, we show our numerical results in a semilog 
plot which helps us to discern the short-range behavior. 
Results obtained with a higher value of N, N = 313, are 
included for the cases involving inner units, B and C. The 
scaling form predicted by the des Cloizeaux function (eq 
41, in the small Rij limit using the theoretical values of the 
exponents 8k predicted by the renormalization group 
theory, is represented by straight lines; within statistical 
error, they are in good agreement with the simulation data. 
The disagreement with theory in a similar analysis of the 
Baumgirtner data8 led to the alternative set of numerical 
exponents mentioned above. At large Rij, the three cases 
merge in a universal curve, and the results involving inner 
units, corresponding to cases B and C, are shown to be 
also independent of N. 

In Figure 5 we have plotted the results obtained for the 
cyclization probability F(Rij=O) vs li-jl for the same chain. 
Fits of these results to the equation 

F(R,=O) +jl+ (9) 
yield the values a0 = 1.84 f 0.02 for case A (cyclization 
through the end units), cy1 = 1.9 f 0.2 for case B (cyclization 
through an end and an inner unit), and a2 = 2.1 f 0.1 for 
case C (cyclization from inner units), which are in fair 
agreement with the results calculated from the des 
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Figure 6. Results of F(Rjj)(RiF)3/2 vs Rij/(RjF)l/z for a chain 
with N = 73, li-jl= 36, and different values of elks!.?' (close to the 
8 conditions). Case A, elkeT = 0.3 (0) and 0.35 (A); case B, 
clkBT = 0.3 (e); case C, dkeT = 0.275 (m), 0.3 (Oh0.325 (*), and 
0.35 (A). Solid line, eq 1. The vertical bar indicates the onset 
of the Lennard-Jones short-distance repulsive range. 

Cloizeaux function and eq 8 with vz V5 :  (YO = 1.93, cy1 = 
2.04, and a2 = 2.18. Previous s i m u l a t i ~ n s ~ ~ J ~  have yielded 
values for a1 in the range 2.10-2.18. 
(b) 8 State. Previous data for different equilibrium 

properties have shown that quasi-ideal behavior (e.g., a 
quadratic mean radius of gyration proportional to N) is 
observed at  values of elkBT which are slightly dependent 
on the range of chain l e n g t h ~ . ~ J ~  Therefore, we have 
explored the distribution of distances in the 8 region by 
performing simulations with several different choices for 
this parameter. The Monte Carlo sampling cannot be as 
efficient for these less extended conformations and, 
therefore, we have had to restrict our calculations to shorter 
chains in order to obtain similar statistics. Fittings to the 
scaling law given by eq 8 yield values for the apparent 
exponent v close to l12  in the three cases A-C, which 
confirms the quasi-ideal behavior in the chosen range of 
the energy parameter. 

In Figure 6 we show the F(Rjj) results obtained for case 
C (inner units) for li-jl = 36 in a chain of 73 units, and 
different values of e1kBTcorresponding to the 8 and sub-8 
(in terms of temperature) regions. It can be observed that 
the choice 4 k B T  = 0.3 reproduces the Gaussian behavior 
for a wide range of values of Rjj, although there are 
significant deviations downward from the Gaussian curve 
for small values of the distance. The results for this value 
of c/kBT and cases A and B are also included in Figure 6. 
Although the three different cases tend to merge to the 
universal Gaussian behavior for longer values of Rjj, case 
A (involving only end units) yields a better description of 
the Gaussian behavior in the small Rjj region. 

The differences between data corresponding to the three 
cases have a clear dependence on clkBT. At the sub-8 
value of t/kBT = 0.35 we find a remarkable agreement 
between the simulation data and the Gaussian curve at  
small Rjj for case A (these results are likewise included in 
Figure 6). Although the statistical accuracy is limited at  
small values of R, the results for case C are significantly 
different. The data suggest that the distribution of 
distances between inner units is clearly non-Gaussian, with 
a narrower form indicative of a more compact globular 
packing of the inner units. As the temperature is lowered, 
it appears that the process of collapse is initiated in the 
central part of the chain. 

Figure 7 shows our results for the cyclization proba- 
bilities, F(Rjj=O) vs li-jl in the 8 region, for cases A-C (the 

1 

I 

\\ I 

results involving inner units have been obtained for a chain 
with N = 145). The plotted linear fits yield exponents a0 

a1 = 1.4 f 0.1 and a2 = 1.5 f 0.1, i.e., in agreementwith 
the theoretical prediction of a common value, Y2, for an 
unperturbed (Gaussian) chain. Then, though the cycliza- 
tion values are higher when external units are involved, 
their dependence on li-jl seems to reproduce a common 
quasi-ideal behavior. 

Main Conclusions 

(1) Our simulation dataforF(Rij) in the excluded-volume 
region in cases A (i and j end units), B (i end unit, j inner 
unit, or vice versa), and C (i and j inner units) are in good 
quantitative agreement with the des Cloizeaux predictions 
calculated with the exponents and t obtained from the 
renormalization group theory. The cyclization rate con- 
stants obtained numerically show li-j( dependencies also 
consistent with the theoretical predictions. 

(2) The results for F(Rjj) for the 8 region all show 
agreement with a Gaussian curve in the three cases A-C 
with the same parameter of clkBT = 0.3 that was employed 
for the 8 state in previous studies.gJ0 However, the three 
cases show different features a t  small values of Rij, and 
these differences are found to be dependent on tlkBT. A 
higher value of tlkBT = 0.35 tends to improve the 
agreement with the Gaussian curve for case A, while the 
results for case C indicate non-Gaussian effects consistent 
with the onset of collapse. The cyclization rate constants 
exhibit a common quasi-ideal dependence on li-jl in the 8 
region. 
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